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Abstract 

We construct a concise U{l)x Proggatt-Nielsen model in which baryon triahty, 
a discrete gauge Za-symmetry, arises from U{l)x breaking. The proton is thus 
stable, however, i?-parity is violated. With the proper choice of U{l)x charges 
we can obtain neutrino masses and mixings consistent with an explanation of the 
atmospheric and solar neutrino anomalies in terms of neutrino oscillations, with no 
right-handed neutrinos required. The only mass scale apart from Mgrav is JTT-soft- 
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1 Introduction 



The Standard Model of particle physics (SM) has 19 free parameters, excluding the neu- 
trino sector. 13 of these parameters arise through the trilinear Higgs couplings: nine 
masses and three mixing angles, among which one finds a hierarchy, and one phase. The 
Froggatt-Nielsen (FN) scenario is an elegant mechanism, which nicely explains these hi- 
erarchies in terms of a spontaneously broken gauge symmetry [1] . In the supersymmetric 
(SSM), the renormalizable superpotential has 48 additional unknown new complex 
parameters. If we also consider non-renormalizable operators with mass-dimensionality 
five and six, there are correspondingly more. The SSM as such is inconsistent with the 
experimental lower bound on the proton lifetime and requires an additional symmetry 
beyond the SM gauge symmetry. From the low-energy point of view, the simplest pos- 
sibility is to impose a new discrete symmetry. However, global discrete symmetries are 
inconsistent with quantum gravity [3] . It is possible to embed the discrete symmetry in a 
gauge symmetry, which is spontaneously broken at a high energy scale [3|,|1]. In this case, 
when requiring the original gauge symmetry to be anomaly-free, and demanding a vi- 
able low-energy superpotential, only three consistent discrete symmetries remain: matter 
paritj|§, baryon triality and proton hexalitj{§ [21 El E] • In Ref . [7] a realistic supersym- 
metric FN model was constructed which conserved matter parity to all orders. It is the 
purpose of this paper to construct a realistic FN model with a low-energy baryon-triality 
symmetry to all orders. 

As stated above, in the SM the FN mechanism explains the hierarchy of low-energy 
quark and charged lepton masses as well as the CKM mixings. But there is more to FN 
than just this: 

• It was soon realized that the FN idea can be nicely combined with the SSM. It is 
then equally well applicable to the other superpotential coupling constants which 
arise, like the trilinear i?-parity violating and/or higher dimensional operators, see 
for example Ref. [Sj. 

• Furthermore in gravity mediated supersymmetry breaking, the FN model can go 
hand in hand with the Giudice-Masiero/Kim-Nilles (GM/KN) mechanism j9l [TO]. 

^For a discussion of the difference between the minimal SSM (MSSM) and the SSM we refer to Ref. [2]. 

^Matter parity, [cf. Eq. (|2.1ip ] acts on the superfields, while i?-parity, Rp = (_i)2S'+3B+l^ jg defined 
on the components of the superfields. Mostly this difference is irrelevant, because both symmetries allow 
and forbid exactly the same operators in the Lagrangian. So the two terms are often used synonymously. 

•^Proton hexality is a discrete gauge anomaly free Zg-symmetry and has recently been introduced in 
Ref. [2]. It is defined by the transformation in Eq. (|2.I3p . 
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This allows for the natural generation of a /i-term and the other dimensionful 
bilinears without having to introduce their corresponding mass scales by hand. 

• In addition, if the family symmetry is a U{l)x, the FN scenario can plausibly be 
conjectured to come from an underlying string theory. The scale of spontaneous 
U{l)x breaking is then naturally just below Mg^av = 2.4x10^^ GeV dH [HI [131 [H] 
if U{l)x is anomalous in the sense of Green and Schwarz (GS) [T5] . 

Our aim here is to build a supersymmetric FN model with the above-mentioned charac- 
teristics, i.e. with a hierarchical prediction for all allowed superpotential couplings and 
with the correct U{l)x breaking scale. We shall employ a singlqj U{l)x breaking chiral 
superfield A, the so-called flavon. We refer to Refs. [71 [8] and references therein for a 
review of the details on these models. In addition, we aim for some novel features: 

• To have proton longevity, we want as a f/(l)x-remnant the discrete gauge Zs-sym- 
metry baryon triality [SIE], defined by the transformation in Eq. fl2.12l) . to arise by 
virtue of the X-charges. 

• To have the particle content as minimal as possible, we do not introduce right- 
handed neutrinos, instead we get the phenomenologically viable neutrino masses 
and mixings from matter parity violating but nevertheless baryon triality conserv- 
ing coupling constants. Apart from minimality, there is a practical reason not to 
introduce right-handed neutrinos in this case: We do not want linear superpotential 
terms like in order for the right-handed sneutrinos not to acquire a VEV to eat 
up this tree-level tadpole term, as this would constitute further flavon fields. 

These two points are complementary to the model presented in Ref . [7] , where compact- 
ness was also the guiding principle. There, the U{l)x gauge charges automatically lead 
to conserved matter parity at all orders and non-vanishing neutrino masses required the 
introduction of right-handed neutrinos. It was however assumed that one of the right- 
handed neutrino superfields mimics the flavon superfield. Inspired by three generations 

■^That the Grccn-Schwarz mechanism can soak up the anomaUcs requires a modified dilatonic Kahlcr 
potential, which induces a U{l)x Fayet-Ihopoulos term. This contribution to the D-term is then re- 
sponsible for U{l)x to be broken, even in the case of having just one flavon. For more details see [7]. 

■''There are models with more than one flavon, see e.g. Ref. [16]. However, in the context of obtaining 
a residual discrete symmetry through the spontaneous breaking of a U{1), several flavon flelds would 
unnecessarily complicate our business. We therefore choose the simplest possibility of only one flavon. 
Furthermore, as pointed out in Ref. [17], if one works with a vectorlike pair of flavons, the £>-flat 
direction is spoiled, "leading to large hierarchy among the vacuum expectation values" (just before their 
Subsection 2.1). 
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of SSM superfields, we introduced three generations of SSM singlets, two of them be- 
ing right-handed neutrinos and one constituting the flavon. Having effectively only two 
right-handed neutrinos then results in a massless lightest neutrino. The proton had a 
sufficiently long lifetime by suppressing the matter parity allowed, but baryon triality 
forbidden, operators QQQL and UUDE. However, the predicted lifetime is not too far 
from the current experimental bound [T8l [T9] . In addition, the choice of two right-handed 
neutrinos may seem a bit arbitrary. Without matter parity, the lepton doublets and the 
down-type Higgs doublet mix, hence effectively one could also advocate four generations 
of SSM singlets. 

Here, compared to [7], we stabilize the proton completely, and simultaneously we are 
even more compact concerning the ingredients. However, as baryon triality allows for 
matter parity violation, the lightest supersymmetric particle decays. Therefore it does 
not provide a natural solution to the origin of dark matter. In our model, we thus have 
to stick to other possible candidates such as e.g. axions or axinos [201 Ell [22] • 

Before going on we state the renormalizable superpotential of the SSM to fix our 
notation: 

+ ]^KjuVVE^ + K.kL'Q'D^ + \ K,k U'DW^ + fi.VH''. (1.1) 

SU{3)c and SU{2)\y indices are suppressed, k are generation indices, Q'', Lf^, D'', L'^, 
E'^, H^,H^ denote superfields: quark doublets, u-type antiquark singlets, d-tjpe anti- 
quark singlets, lepton doublets, right-handed antielectron singlets and two Higgs doublets, 
respectively. /Uq, /ij are the dimensionful bilinear parameters. The G\f\ G\^\ G-J^ and 
Xijk, X'iji:, X'-ji. are coupling constants. Denoting the scalar component of a superfield by 
a tilde, the soft supersymmetry breaking Lagrangian density is (see, e.g., Ref. [23] ) 

+ [M|]„^Zs^Z^ + MiuH^^m + {he. Lp^m + h.c.) 

+ {^\AE]apkKpk'L^LPEk* + [AoUkXajkL'^Q^D^*^ + h.c. 
+ {[Au]^JGf^^H^QnJi* + [AuDDhkKjk'U'^D^D^*) + h.c. 
+ i {KhBIB + M2W^W'' + M-iG^G^^ + h.c. (1.2) 

The supersymmetry breaking bino, wino, and gluino mass terms are given in the last 
line, with a = 1,2,3 and b = 1,...,8. Note that we have applied the compact notation 
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= (L° = , D), a = 0, 1, 2, 3, since the lepton doublets D and the down-type Higgs 
doublet have identical quantum numbers. 

In supersymmetric theories, the presence of £soft is a potential source for flavor chang- 
ing neutral currents (FCNCs). Even worse, there is one unresolved drawback to mention 
which is generic to FN models employing the GM/KN mechanism (for details see Ref. [7]), 
inducing non-universal and [/(l)x-charge dependent contributions to the sparticle soft 
squared masses. This potentially causes problems with low-energy FCNCs, and is com- 
mon to all FN models. In order to suppress these FCNCs, it is necessary to theoretically 
provide for a specific structure of the soft supersymmetry breaking terms {e.g. an ap- 
proximate alignment of the quark and squark mass matrices, cf. Refs. [2ll [25]). It is 
beyond the scope of this work to detail the subtleties of such issues. We simply expect 
(or hope?) that the problem of low-energy FCNCs will be solved together with an as yet 
non-existing proper model of supersymmetry breaking. 

Our paper is structured as follows: In Section [2] we review the importance of discrete 
gauge symmetries; then we show how to obtain matter parity, baryon triality and proton 
hexality from a Froggatt-Nielsen U{l)x- The next three sections are the core of this 
paper. Section [3] discusses our choice of basis. Section H] combines the requirements of 
anomaly cancellation, the phenomenological constraints on the X-charges of quarks and 
charged leptons and the conditions of achieving baryon triality. Sect. [5] then deals with 
the neutrino sector in detail. In Sect. [6] we finally arrive at six distinct sets of X-charges, 
so that the quintessential result is given by Table [51 Sect. [7] concludes. The Apps. [A| 
[BVl-[n| [Dl [El [F] complement Sect. [21 (comparing baryon parity and baryon triality), Sect. [31 
(remarks on supersymmetric zeros -|- eliminating sneutrino VEVs), Sect. 15.21 (analyzing 
the symmetries in the LLE loop contribution to the neutrino mass matrix). Sect. 15.41 
(diagonalization of the neutrino mass matrix) and Sect. M (an explicit example of how a 
set of X-charges produces low-energy physics), respectively. 

2 Low-Energy Discrete Symmetries from Froggatt- 
Nielsen Charges 

2.1 Discrete Gauge Symmetries 

The SM Lagrangian is invariant under Poincare transformations as well as SU{3)c x 
SU{2)w X U{1)y local gauge transformations. The most general supersymmetric SM 
Lagrangian with one additional Higgs doublet leads to unobserved exotic processes, in 
particular rapid proton decay, inconsistent with the experimental bounds [26]. In the 
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low-energy effective Lagrangian, this problem is resolved by introducing a global discrete 
multiplicative symmetry, which prohibits a subset of the superpotential interactions. 
Prominent examples are matter parity, Mp, (or equivalently i?-parity), baryon triality, 
i?3, as well as the recently introduced proton hexality, [2]. There is however a problem 
when embedding a global discrete symmetry in a unified theory at the gravitational scale, 
such as string theory: it is typically violated by quantum gravity effects (worm holes) 
[5]. This is avoided if the discrete symmetry of the low-energy effective Lagrangian is 
the remnant of a local gauge symmetry, G, which is spontaneously broken, in our case 
at or near the gravitational scale. Since G is unaffected by quantum gravity effects, 
after the spontaneous breakdown of G also the residual discrete symmetry remains intact 
[3|,|11[27]. Such a discrete symmetry is denoted a "discrete gauge symmetry" (DGS) [28] . 
In the following, we only treat Abelian DGSs, originating in an Abelian local gauge group 
G = U{l)x. For examples see [21 [29]. 

In order to obtain a consistent quantum field theory, we demand that the underlying 
local gauge theory G is anomaly-free. In general, we include the possibility that the 
anomalies of the original gauge symmetry are canceled by the Green-Schwarz mechanism 
(GS) [T5]. Thus either 

1) the low-energy DGS is a remnant of an anomaly-free local gauge symmetry, in 
which case the DGS is anomaly- free in the sense of Ibaiiez and Ross [S], or 

2) the DGS is a remnant of a local gauge symmetry whose anomalies are canceled by 
the GS mechanism. In this case the DGS can be either 

a) anomaly-free in the sense of Ibafiez and Ross or 

h) GS-anomalous, i.e. the DGS anomalies are canceled via a discrete version of 



the GS mechanism 



i 



The model we construct in this paper belongs to class 2a), i. e. the U{l)x gauge anomalies 
are canceled by the GS mechanism; however, the low-energy DGS satisfies the anomaly 
cancellation conditions of Ibaiiez and Ross, without the GS mechanism. 

In Ref. [H], the family-independent Z2 and Z3 DGSs were determined, which are 
anomaly-free without invoking the existence of extra light particles besides those of the 
SSM and, in addition, which leave the MSSM superpotential (and possibly more) invari- 
ant. This investigation was generalized to J.n DGSs with arbitrary in Ref. [2]. Taking 



^We emphasize that not every discrete symmetry is an anomaly-free DGS, e.g. baryon parity, Bp, 
see also App. El 
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into account the need for neutrino masses, only three family-independent DGSs survive: 
matter parity [Eq. ( 12. lip ], baryon triality [Eq. ( 12.12^ ] and proton hexality [Eq. ( 12. 13^ ]. 
which we discuss in more detail below. 

In Ref. [7], several of the authors constructed a phenomenologically viable FN model 
with a low-energy matter parity DGS. In the following subsection, we wish to first derive 
the necessary and sufficient conditions on the MSSM X-charges for baryon triality and 
proton hexality to arise as a DGS from a family-dependent local gauge symmetry. After- 
wards, in Sect. [5] we construct phenomenologically viable FN models with a low-energy 
baryon triality DGS. We postpone the construction of such a model with a low-energy 
proton hexality to Ref. [3T] . 

2.2 Baryon Triality Arising from U{l)x 

Consider a general product of MSSM left-chiral superfields G {Q^ , D^, , E'^ , 
H^, H^} and their charge conjugates 

R = W{^^y^ (¥)^ . (2.1) 

a,b 

In general, such an operator can appear in the Kahler potential or, if the vanish, in 
the superpotential. Imposing a discrete symmetry forbids some of these SM-invariant 
operators. We now wish to obtain a specific low-energy discrete symmetry by an ap- 
propriate U{l)x gauge charge assignment. We fix the gauge charge normalization such 
that the fiavon superfield A has U{\)x charge Xa = — 1- It is then obvious that only 
those operators with an integer overall X-charge, Xtotah are allowed after the breaking of 
f/(l)x- We obtain further constraints on Xtotai by requiring SU{?>)c x SU{2)w x f/(l)y 
gauge invariance of the given operator, as well as by demanding that the renormalizable 
MSSM superpotential operators are necessarily allowed. We thus have the conditions on 
-^totai for an operator to be allowed or forbidden. We then make the connection with 
the corresponding discrete symmetry, originating from the MSSM X-charges, stating the 
necessary and sufficient conditions thereof. 

We shall denote the "combined" multiplicity of each superfield in a given operator 
by Ui^a = aa — a^. Thus for example the term Q^Q'^U^D^D'^ has nqi = l,nQ2 = — 1, 
njjT = n-jy^ = n-jy2 = 1- The total X-charge of a general product, R, of superfields $^ 
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can then be expressed as 

-^total = XhD + UhU XhU + ^ nqi Xqi + ^ n-jy; Xj^ 

i i 

+ ^^W^W + XL^ + (2.2) 

i i i 

The coefficients n,,, and charges X above are not all mutually independent: 

• Since each product R should be SU{?>)c x SU{2)w x f/(l)y gauge invariant, the 
n.,, are subject to the conditions (for the first equation see for example Chapter 10 
in Ref. [32]) 

^^Q^-^^D^-^^IF = 3C, (2.3) 

i i i 

Uhd +nHU + ^nQi + ^nLi = 2W, (2.4) 

i i 

Yhd Uhd + Yhu Hhu + Yq ^ nq^ + 

i i 
i i i 

Here C is an integer, W is an integer which is non-negative for terms in the super- 
potential, y,, denotes the hypercharge of the corresponding field. For the MSSM 
fields we have: Yho = -Wq, Y^v = 3Yq; Yl = -3Fq, Y-^ = 6Yq; Yjj = -AYq, 
Yjy = 2Yq. Solving Eqs. fl2.3l) - fl2.5p for nQi,njyr, and we obtain 

riQi = 2W - (uhd + uhu) - {nQ2 + uqs) -^riLi , (2.6) 

i 

n-^ = -3C + 2W - (uhd + Hhu) - {n-^ + n-^) -'YnL^ -'^njfi, (2.7) 

i i 

n^r = C - W + Uhd - {n^ + n-^) + ^ nL^ + ^ rijj-. (2.8) 

i i 

• Since we assume that after the breaking of U{\)x all renormalizable MSSM su- 
perpotential operators are allowed, the corresponding gauge invariant products R 
must have non-fractional powers of the flavon superfield A, i.e. we require 

1. The renormalizable superpotential terms H'^Q^U^, H^Q^D^, H^UE^, and 
ffDjju i^QTj-Q overall integer X-charge. 
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This corresponds to the conditions 

Xfju + Xqi + XjjT = integer, 

Xhd + Xqi + X^ = integer, 

XjjD + X^i + X^ = integer. 





- Xqi 


= inte^ 


^er 


Xl2,3 




= inte^ 


^er 


Xd2,3 


- x^ 


= inte^ 


;er 


■Xjj2,3 


- XjjY 


= inte^ 


^er 




- x^ 


= inte^ 


;er 


Xhd 


■f X^u 


= inte^ 


rer 



(2.9) 



We leave it open at the moment which other gauge invariant terms shall also have 
an overall integer X-charge. 

With the help of Eq. (12.91) . we can express all X-charges in terms of X^i, Xqi, Xjjd, and 
unknown integers. Inserting this and Eqs. (I2.6l) - (l2.8p in Eq. (12.21) we get for the total 
X-charge 

-^total = C ■ [3Xqi + Xli + 2{XhD — Xli)] 

+ (uhd - W + "^n-^Y {Xhd - Xli) + integer. (2.10) 

i 

If we now require no remnant DGS at low energy whatsoever, i.e. if all renormalizable 
and non-renormalizable terms which are SU{3)c x SU{2)w x U{1)y gauge invariant 
are allowed, then we must have an overall integer X-charge, and thus X^d — X^i and 
3Xqi + X^i must be integers. However, we wish to determine the necessary constraints 
on the gauged X-charges in order to obtain a remnant discrete matter parity, baryon 
triality, or proton hexality DGS arising from the U{l)x- Our treatment here does not 
rely on the absence or cancellation of anomalies and is thus equally applicable to Zat- 
symmetries other than Mp, B-^ and Pq, e.g. the Z2-symmetry baryon parity. Bp. (For the 
definition of baryon parity and an investigation of its phenomenological difference with 
respect to baryon triality see App. \K\ ) 

Under the respective DGSs, the MSSM left-chiral superfields transform as follows 
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Matter paritjfl (Mp) 
Baryon triality (B^) 

Q' Q 



[2.11] 



|i/^,Z7^,L\E^| — > e^^'/^ |i/^,Z7^,L\E^|, (2.12) 
• Proton hexality (Pg), c/. Ref. [2], 

U — > e^^'/^ 

— . 6^°"'/^ (2.13) 

(None of these three symmetries has a domain wall problem, since the discrete charges 
of the two Higgs superfields are opposite to each other, for details see Ref. [2].) In other 
words, under Mp, i?3, and Pq transformations a general product of MSSM superfields is 
respectively multiplied by 

. ^g27ri/3j"HU + E,"5T + 2 nj^D + 2E,"^ + 2E,"z,i + aE.'^;^ ^2 15) 

^ ^g27ri/6^"HD + Ei"— + E,";^ + 4E."i» + 5 nj^y + SE, "^? ^^2 15) 



^An alternative but at low-energies physically equivalent definition of matter parity is 

See Ref. [2] for details. With this definition it is easy to see that proton hexality is the direct product of 
matter parity and baryon triality. 
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Thus in turn we may write for [Mp/ B^^/ 

• Ei'^g^ + Ei^iTT + Ei^D^ + Ei'^L' + Ei^B^ = 2Ja/ + 

• riHU + T^i^W + 2nHO + 2Y,injji + ^J^i^L^ + '^J2i^'W = + i^b, 

• riHD + T^injjT + Y.i'i^E' + Ei '^L' + 5 nj^c/ + 5 Xli '^d^ = 6Jp + . 

(2.17) 

Xm, 1b, and Xp are integers; tM is or 1 if matter parity is conserved or broken, is 
or 1, 2 if baryon triality is conserved or broken, and tp is or 1, . . . , 5 if proton hexality 
is conserved or broken. With Eqs. fl2.6l) - fl2.8p we get from Eq. (12.1 7p that 

Mp : Uhd = 3W - lm - 2(C + Jm + n^c/) + ^ n^, (2.18) 

i 

Bs: C = 3(^-XB + nHi5 + J^n^. + -6p, (2.19) 

i i 

Pa: = 3 W - J] -^7^ " ^^^^f^ , (2-20) 

i 

respectively. We now require 

1'. All SU{3)c X SU{2)w X f/(l)y gauge invariant terms which conserve the discrete 
symmetry [Mp/ B^/ Pq] each have an overall integer X-charge. This requirement is 
a generalization of Point 1. above Eq. (12. 9p . 

2. All SU{3)c X SU{2)w x U{1)y gauge invariant terms which do not conserve the 
discrete symmetry [Mp/ B^/ Pq] each have an overall fractional X-charge. It follows 
that all superfield operators which violate [Mp/ B^/ Pq] are forbidden even after the 
spontaneous breaking of U{l)x- [Mp/ B^/ Pq] is thus conserved exactly, i.e. to all 
orders. 

For any SU{3)c x SU{2)w x U{1)y invariant operator R [cf. Eq. (12. ip ]. which vio- 
lates [Mp/B^/ Pq] one has respectively that [E? / E? / R^] conserves [Mp/ B-^/ P^. From 
Point V. above, we find that the X-charge of each of the latter operators, namely 
[2 ■ Xtotai(-R)/3 ■ Xtotai(-R)/6 ■ Xtotai(-R)] respectively, is integer. Point 2. demands that 
-^totai(-R) is fractional. It follows that all superfield operators which violate [Mp/ B^/ P^ 
have an Xtotai of the form [| + integer j ^-^-^ + integer j ^'^''^'^ ^ + integer]. Bearing this 
in mind, we plug Eqs. (12.180 - (I2.20p into Eq. (I2.10p to eliminate [u^d /C /uhd], respec- 
tively. 
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We first treat Mp. In this case 



X, 



total 



C-{3Xq.+Xli) 



(2.21) 



X^i) + integer. 



Now consider an operator R forbidden by Mp, i.e. with lm = 1- -^totai must then 
be l+integer. Choosing a forbidden operator where C = 0, and W = Xm + — 
^ • nj^, we obtain the condition 



1 1 

Xhd - Xli = ~2 ^ integer. 



We insert this into the expression for Xtotai: 

Xtotal 



C ■ {3Xqi +Xli) + ^+ integer . 



(2.22) 



(2.23) 



Now for the terms which are allowed by Mp, i.e. which have lm = (and thus 
Xtotai is integer). Here we get another condition on the X-charges of the MSSM 
superfields when choosing an operator for which C = 1, 



3Xqi + Xi 



integer 



(2.24) 



To check consistency, we plug Eqs. fl2.22p and fl2.24p into Eq. 02.211) : we thus find 
that 



X 



total 



+ integer , 



(2.25) 



In Refs. m [m [19] the imphcations of Eqs. IK22^ . and iKMl in combination 

with a viable phenomenology were studied in detail. 



Next we treat B^. We get 

Xtotai 



3 (nHD - 1b +^ +^ ^^jf ) - '•s 

i i 

hhd - W + ^njjr)- (Xhd - Xl 



n—]-LR- 3Xqi + Xli + 2{Xhd - Xli) 

f integer. (2.26) 



Considering an allowed operator, i.e. with lb = (thus Xtotai is integer) and for 
which also Xb = n^o + ULi + J2i '"^IJi arrive at 

Xtotai = {uho - W + ^njjr) ■ {Xhd -Xli) + integer . (2.27) 
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If we furthermore require that W = njjD + njp + 1 we obtain the condition 



XffD — X^i = integer 



(2.28) 



[to be compared with Eq. (12. 22^ ]. We insert this into the expression for Xtotai, 
getting 



total 



3{nHD - + ^ riL, + ^ njjz) - Lb ■ (3Xqi + X^i) + integer. (2.29) 



Now considering a forbidden operator for which Xb = + rtii + n-jj-, 
we arrive at 



^totai = - • (3Xqi + X^i) + integer. 

Setting Lb = 1 (thus Xtotai being ^ ^ ^ +integer) we get 

b 

?,Xqi+Xl^ = -- + mteger, 



(2.30) 



(2.31) 



with 6 G {1,2} [to be compared with Eq. (12.241) ]. This is compatible with lb = 2 
also requiring Xtotai not to be an integer. To check consistency, we plug Eqs. (12.281) 
and (ICTll into Eq. (12:261) : this gives 



b ■ Lb 



total 



+ integer . 



(2.32) 



For Pfl we find that 



-^total — C ■ (3Xqi + X^i 



+ 



2{W-C-Ip) 



2C + Lp 



■(Xbd-Xli) + integer. (2.33) 



Before continuing it is important to point out that '^'^^'-^ has to be an integer due 
to Eq. (12.201) . Hence, when deriving the conditions on the X-charges for Pq con- 
servation, we are restricted to consider only those operators for which 2C + is a 
multiple of three. Thus we have that Lp = 0,3/1,4/2,5 requires C = 0/l/2 mod 3, 
respectively. Defining J' = 2£±£p ^ 2, we have 



2C 



-Lp + 3J. 



(2.34) 
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Returning to Eq. (12.331) . consider Lp = 3 (already the square of such an operator 
is Pq invariant, therefore we have Xtotai = | + integer in this case) and C = W = 
Ip = 0; this leads to the conditioE§ 

XjjD - Xli = + integer , (2.35) 

[to be compared with Eq. (12.221) ]. Inserting this into Xtotai of Eq. (12.331) we get 

Xtotai = C-(3XQi+Xii) + ^^-^ + integer. (2.36) 

Next consider tp = C = 1. For tp = 1 we need X total = f ~'~ integer, with p = 1,5. 
p = 2,3,4 are not allowed as these have common prime factors with 6. This would 
lead to a term in the Lagrangian whose square or cube is Pg invariant contrary to 
the assumption that Lp is 1. This way the following condition is obtained 

3Xqi + Xli = - ^ + integer 

o 

= - f + integer, (2.37) 

with p = ±1 [to be compared with Eq. (I2.24p ]. Plugging Eqs. (12.351) and (I2.37P into 
Eq. fl233|) we get 

^totai = ^ + (l-p)-ir + integer- (2-38) 
o o 

Recalling the condition in Eq. (I2.34p . we can rewrite this as 

^totai = TT + {l-p}-— h {l-p}-— + mteger 



= + + integer. (2.39) 

z 

As (1 — is always an even number, we finally arrive at 

^totai = + integer. (2.40) 





^This condition has already been stated in Ref. [2], below Eq. (6.9). But in its PRD- version we 
unfortunately made a typo by including a wrong factor of " 3" , which we have however corrected in the 
newest arXiv-version. 
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As a summary, in addition to Eq. (I2.9p . depending on the desired remnant low-energy 
discrete symmetry, we need to impose the following conditions on the X-charges: 



Xhd — Xl^ 



m/2 



integer 
integer 
integer 
integer 
integer — 1/2 



total 



3Xqi + Xli 



integer 

integer + m ■ tM/2, 
integer + b' ■ 
integer + b ■ Lb/S 
integer + p ■ Lp/6 



inte^ 


;er 




inte^ 


^er 




inte^ 


;er 


-b'/2 


inte^ 


;er 


-b/3 


inte^ 


^er 


-p/3 



(2.41) 



with m,b' = 1, be {1, 2}, and p G { — 1, 1}. We also have lm, l-'b ^ {0, 1}, lb ^ {0, 1, 2}, 
and Lp G {0,1,2,3,4,5}. The five cases in Eq. (12.411) correspond to having all terms, 
only Mp terms, only Bp terms (see App. [X]), only terms, or only Pq terms allowed by 
virtue of the X-charges, respectively. Note that in Ref. [7] it was shown that Eq. (12.91) to- 
gether with the coefficients Accx and Awwx of the SU {3)c-SU (3)c-f/ (l)x and SU {2)w- 
SU{2)]^-U{l)x anomalies and the condition of Green-Schwarz anomaly cancellation re- 
quire 

3Xo.+X,,^'^, (2.42) 



where Afg symbolizes the number of generations. With Afg = 3 all possibilities listed 
above except the anomalous Bp are compatible with Eq. (12.421) . 



3 Sequence of Basis Transformations 

The Froggatt-Nielsen charges determine the structure of the theory just below the grav- 
itational scale Mgrav The low-energy theory emerges after the successive breakdown of 
the U{l)x gauge symmetry, supersymmetry, and then SU{2)y\/ x U{1)y- The hierarchy 
of the fermion mass spectrum is given in terms of powers of the ratio e = -Jr^ of the 
vacuum expectation value (VEV) of the U{l)x fiavon field. A, and the gravitational 
scale. Within a string-embedded FN framework this expansion parameter originates in 
the Dine-Seiberg-Wen-Witten mechanism [TT| [T^ [T5| [T3], leading to a value of about 
e ~ 0.2 (see e.g. Ref. [7j). Neglecting 0{1) renormalization fiow effects and imposing 
that i?3 arises from the X-charges as described in Section [2], we obtain a Lagrangian 
which is B3 invariant but Mp violating (i^fp). The resulting kinetic terms obtained from 
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the Kahler potential are non-canonical, i.e. they are not diagonal in generation space 
and not properly normalized. Furthermore, the sneutrino vacuum expectation values are 
in general non-zero. It is usually more convenient to formulate ]Kdp theories where the 
neutrino masses are induced radiatively in a basis with vanishing sneutrino VEVs and 
the down- type fields rotated to their mass bases [23] |§ Therefore, we apply the sequence 
of basis transformations, depicted in the diagram below, and study its effects on the 
FN-generated coupling constants. The numbers in brackets refer to the explanations of 
each step, below. 



Type of Basis 



Froggatt-Nielsen basis 
(denoted by the subscript FN) 



Basis with canonical 
Kahler potential 



Redefinition of Chiral Fields 



'1) Non- unitary transformation of 
Q\ D'\ Tr\ L", H^, 



Basis without 
sneutrino VEVs 



Mass basis of down-type quarks 
and charged leptons 



(2) Unitary transformation of 



(3) Unitary transformation of 
Q\ 1D\ L\ and 'W 



In the third step we only rotate the L*, not the L". The transformations of the [/* do 
not affect any of the terms we are interested in, so that we do not further consider them. 
After the above transformations, we again find an FN structure for the coupling constants 
in the new basis. Working backwards, it is then possible to deduce phenomenologically 
viable X-charge assignments from the experimentally observed masses and mixings of 
quarks and leptons: 



^For a pedagogical review of the different contributions to the neutrino masses, expressed in a basis 
independent way, see Ref. [33] , 
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1. Canonicalization of the Kdhler potential (CK): The Kahler potential for n species 
of superfields (i = 1, n) with equal gauge quantum numbers in the FN basis, 
i.e. which can mix, is canonicalized by the n x n non-unitary matrix C*-*-*, with 
the texture (see e.g. Ref. [7]) 

C(*),^. ~ el^*'-^*^l. (3.1) 

In terms of the canonicalized superfields = C^'^^ij ^p^, the kinetic operators are 
given in their standard diagonal and normalized form. The interaction coupling 
constants CpNj also change correspondingly through the basis transformation, e.g. 
for a trilinear interaction of superfields and 6^ 

CFNijfc$W^FN0FN = Cijk^'^^Q\ (3.2) 

with 

Note that each index transforms separately. In the following, while discussing the 
general FN power structure, we focus on one index for notational simplicity, i.e. we 
suppress additional indices that might be attached to the coupling constants 

C, = [C(*^"'],, CFN, . (3.4) 

The generalization to n indices is trivial. Considering superpotential couplings 
which are free of supersymmetric zeros0 we have cpNj e^f' . Under the above 
transformations, we obtain [17] 

Ci oc el-^-i.j-^*'l e-^*:- ~ e^*\ (3.5) 

Coupling constants which are not generated by FN alone but involve a combination 
of FN and Giudice-Masiero/Kim-Nilles mechanism (see e.g. Ref. [7]) are treated 
slightly differently: 

• Later we will e.g. assume that the bilinear superpotential terms fiaL°'H^ 
are due to the GM/KN mechanism. Therefore the corresponding coupling 
constants have the X-charge dependence cpNj oc e~^*'. In this case, the 
canonicalization of the Kahler potential yields 

a oc e'^*-'"^*'! e"-^*^ ~ e"^*\ (3.6) 

"'^'^The problems connected with having supersymmetric zeros in the Yukawa mass matrices are dis- 
cussed in App. [BJ 
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We also deal with the case where on the one hand the MSSM operators 
H^UE^, H^Q^D^ are required to have overall positive integer X-charges, 
whereas the corresponding /fp-operators with = — > L* (i = 1,2,3) 
replaced, i.e. UUE^., L^Q^D'^, have overall negative integer X-charges. This 
assumption implies Xlo > X^i. Due to the GM/KN mechanism, the super- 
symmetric zeros of the coupling constants with negative overall X-charge are 
actually not zero. However, for trilinear couplings the resulting terms are 
suppressed by a factor of 0{^^^) and therefore effectively absent; e.g. 

X^o+Xq.+Xj^=2 e\ (3.7) 



but X,.+Xq.+X^=-3 (3.8) 



GM/KM msoft ^3 ^ ^3 
f 

'grav 

where on the right we show the power of e of the corresponding coupling. So 
for the coupling constants we effectively have cpNa oc (e'^i-" , 0, 0, 0)q,. But 
thanks to the canonicalization of the kinetic terms, these "quasi supersym- 
metric zeros" are filled in so that 

c„ = [C(^^"^]oa cfno oc e'^^o-^^"' e^^o ~ ^2x^0-^^-, (^3 9) 

We can apply a similar consideration to operators which contain e^^'L^L^, 
where a, 6 G {1,2} are SU{2) doublet indices. As the symmetric part of 
the corresponding coupling constant cfno/3 cancels automatically, it can be 
taken antisymmetric without loss of generality. Now when constructing a 
viable model, we choose the X-charges such that the terms e'^^U^Ll, with 
i,j = 1,2,3, are forbidden by a negative integer total X-charge, whereas 
^abj^t^j^o e'^^'L^Ll are allowed. In this special case we fincjl^ 

Cap = [C(^)~']oa [C(^^AV3CFN0, - 

OC e^^L0-XL^+x^f3 _ (^a^p). (3.10) 



This can be seen as follows: C„/5 = [C(^> ]a'a[C(^) ] /3'/3 cfn a'/3'- The assumption cpNy = 
together with the condition of antisymmetry, cfnqo — ^cfnoqi leads to 

= [C(-^>"']0a [C(-^)"'],V3 • CFN 0, - (a ^ /?)• 

The e-structure is then given by 

Cap OC el-^^."--^^"! gl-^"-^^"! 6-^^."+^^' - (a ^ /3) 

oc £2X^0 -X^c +X^f, _ (q, /3) . 
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After the canonicalization of the Kahler potential, all superpotential coupling con- 
stants of the fields will therefore include a factor of either e^*' or e~^'^\ 

2. Rotating away the sneutrino VEVs: Next we perform a unitary transformation on 
the superfields L° (a = 0, 1, 2, 3) in order to eliminate the sneutrino VEVs. The four 
vacuum expectation values Va of the scalar component fields in L° are determined 
by the minimization conditions for the neutral scalar potential. If we make the well- 
motivated [3l] assumption of an FN structure in the soft supersymmetry breaking 
terms (for details see App. [C]), we find 

oc e~^^". (3.11) 

We eliminate the sneutrino VEVs Vi {i = 1,2,3) by the unitary matrix which in 
Ref. [H] was used to rotate away the bilinear superpotential terms UH^ . In our 
case it has the texturi^ 

[/VEVs ^ \ ^x^o-X^, ^2X^o-Xj.,-X,i\ ■ (3.12) 



Accordingly, all coupling constants involving L° also have to be transformed. How- 
ever, as \U^'^^^'^]j3a e^^LP ~ e^''^'^" , their e-structure remains unchanged. 

3. Rotation of the quarks and charged leptons into their mass bases: In a third step, 
the down-type quarlj^ and charged lepton mass matrices are diagonalized by the 
unitary transformations U^^\ U^^\ U^^\ and C/^^^ of the corresponding super- 
fields. Their e-power structure is given by, see also Ref. 



^^Replacing ^ ^ vq and Ki — > Vi in Eq. (4.10) of Ref. [5], we have K = ^v*Vi and M = ^u*Uq. For 
the matrix we then have 

7-rVEVs _ l"o| ^X,a-X,j rrVEVs _ l"o| X.Q-X,i 

In the penultimate step we apphed the approximation A' <|; « |uo|- 

^■^As we apply the basis transformations equally on both components of the S\J(2)w superfield doublets 
Q*, we can diagonalize either the up- or the down- type quark mass matrix. The latter is more appropriate 
for our purpose because, in the context of radiatively generated neutrino masses, only down-type loops 
contribute to the neutrino mass matrix and the computations are simpler in this basis [23j . After 
SU{2)w X U{1)y breaking, we rotate the left- and right-handed up-type quark superfields Ul and U 
into their mass basis. 
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Here we have to assume a decreasing X-charge for increasing generation index0 
The transformations of Eq. ( 13.13P diagonahze the down-type mass matrices. How- 
ever, they do not alter the e-structure of the up- type Yukawa couplings and other 
renormalizable or non-renormalizable coupling constants, with one significant ex- 
ception. The e-structure of the down-type Yukawa mass matrices is obviously 
changed drastically in its off-diagonal entries by the transition to the mass ba- 
sis. Through our transformations it is possible that supersymmetric zeros are filled 
proportional to the down-type mass matrices. Diagonalizing the down-type mass 
matrix then also diagonalizes these coupling constants in the corresponding two 
indices. In our model, we encounter such a proportionality when generating inter- 
actions as in Eq. (13. 9p . for example the trilinear i^fp terms X^^f^UQ^ D'^. Together 
with the mass terms G'^^^ H^Q^D^ = \'q-^,LPQ^ for the down-type quarks we 
find 

with the coupling constants X'^^^, now given in the basis of diagonal down-type mass 
matrices. Analogously, we have for the superpotential terms ^ Xijk L^L^ E'^, together 

1 r r 1 TTii- 



with XojkL°L^E^, 



\ik = [C^^^ -U^^^^i piL)\^^ X - (z ^ j). (3.15) 

Here we have neglected the second antisymmetrizing contribution of Eq. (13.101) when 
expressing X^jk in terms of ApNoj'fc' as it is suppressed by a factor of e'^'^'^LO-^u) . 
Hence, both types of trilinear I0„ coupling constants are proportional to the corre- 
sponding Yukawa mass matricesjlj which are diagonal in our basis. 

Table [1] summarizes the FN structure of some important superpotential coupling con- 
stants at different steps in the sequence of basis transformations. We omitted the up- 
type quark Yukawa coupling constants in Tabled! as they have the standard FN structure 
which does not change under the sequence of basis transformations. 



^"'The diagonalization matrices U^'"^ have the structure of Eq. ()3.13p only if the X-charges of the left- 
and the right-chiral superfields are ordered in the same way. Demanding further that the third generation 
is the heaviest and the first the hghtest, we are restricted to decreasing X-chargc for increasing generation 
index. 

^■^In Rcf. |36j quite generally models for radiatively generated neutrino masses are studied in which as 
it so happens 1) baryon triality is (accidentally) conserved and 2) the trilinear coupling constants 
are proportional to the mass matrices of the down-type quarks and charged leptons. Our models belong 
to this category, with both 1) and 2) arising by virtue of the X-charges. The 5*'' charge assignment in 
Table [5] is presented in Ref. [36], as an example. 
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Ma 
^3/2 






(0) 




only A^j.fc ~ e^iO+^QJ +^^ 


only Aojfc ~ e^^°+^w+^^ 


(1) 


^ — Xi^a —X^iJ 


^2X^0 -^LQ +Xqj 


^2X^o-x^a+x^^+x^ - (a <^ /3) 


(2) 






Ayfc ~ e^^°"^^'Aojfc - ^ j) 



Table 1: FN structure of superpotential couplings at various stages of the basis transformations: 
Before (0) and after (1) the canonicahzation of the Kahler potential, and finally in the mass 
basis of the down-type quarks and charged leptons (2). 

We now state a first set of constraints on the X-charges, required for our model, which 
we shall make more quantitative in the subsequent sections: 

• By choosing positive integer X-charges for all trilinear MSSM interactions we avoid 
troubles in the fermionic mass spectrum associated with supersymmetric zeros (see 
App.E]). 

• The generalized /i-problem {^^ L'^H^) is solved by the Giudice-Masiero/Kim-Nilles 
mechanism. 

• In order to avoid too heavy neutrino masses [37], we require ^ ~ e-^LO-^L^ < 1, 
i.e. X^Q > X]^i. 

• If the trilinear pip interactions are only suppressed by powers of e comparable to 
the trilinear MSSM terms, they are in disagreement with the experimental bounds 
[38| [7]. Therefore we choose to generate trilinear Ijdp terms by the canonicahzation 
of the Kahler potential as described above, c/. Eq. (13. 9p . This mechanism has also 
been employed iiJl§ Ref. [39]. The term UDD is forbidden altogether by B^. 

In the following we study phenomenological constraints on the X-charges arising from 
the fermionic mass spectrum. In our basis, the down-type mass matrices are diagonal. 
Therefore the CKM matrix is obtained solely from the diagonalization of the up-type 
quark mass matrix, and exhibits the e-structure U'^^^ij ~ gl^(3'~^Q-' I. Furthermore, we 
need to specify and diagonalize the neutrino mass matrix. 

^^The authors of Ref. [39] construct their model such that X^-^^^^. < 0, so that it is GM/KN- 
suppressed if Xjj^jjj-jyr is integer. However, with X^. + Xjju required to be integer and working with 
= Ag]^ ~ 0, z = 1, their proposed X-charge assignment in fact also accidentally generates B3, so 
that U^D^ is not only highly suppressed but absent altogether. 
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4 Non-Neutrino Constraints on the X-Charges 



In the previous section, we translated our model from the scale of U{l)x breaking down 
to the electroweak scale. The FN charges of the MSSM superfields are now directly 
connected to the low-energy fermionic mass spectrum. For our model, we require the X- 
charges to reproduce phenomenologically acceptable quark masses and mixings as well as 
charged lepton masses. Furthermore, we demand the GS anomaly cancellation conditions 
[lOl [7] to be satisfied (apart from the constraints listed at the end of the previous section, 
which we will not implement right away but later). We then find that all 17 X-charges 
can be expressed in terms of only six real numbers (see Table 1 in Ref. [7]): 

x = 0,l,2,3, 2/ = -l,0,l, z = 0,l, 

A^, = Xi3-Xii, A^,=Xl2-Xl^, Xl^. (4.1) 

Ag]^ and A21 are necessarily integer whereas X^i is arbitrary!^ For phenomenological 
reasons x, z can only take on the shown integer values. As we choose to generate the 
/i-term via the GM/KN mechanism, we take z = —X^u — X^d = 1 throughout this 
article, x is related to the ratio of the Higgs VEVs by ~ ^tan/9, with tan/5 = |^|- 
Recall, the sneutrino VEVs are rotated away, so \vo\ = \vd\ = -y/t;* Va- y parameterizes 
all phenomenologically viable CKM matrices. Our preferred choice is y = 0, resulting in 

Assuming a string-embedded FN framework, the parameter e originates solely in the 
Dine-Seiberg-Wen-Witten mechanism [TT| [T2l [T3l [T4] . Thus it is a derived quantity which 
depends on x and z (for details see Ref. [7]). Taking z = 1 and x = 0, 1,2,3 we get e 
within the interval e G [0.186, 0.222]H 

Our goal is to construct a conserved model. As discussed in detail in Sect. [2l this 
leads to additional constraints, which are best expressed in terms of the new parameters 

A^ = Xli -Xlo , 3C + b = A^i + Af^ - z . (4.2) 

Here the parameter b = 1,2 is as introduced in Eq. (12.311) . Rewriting Eqs. (12.281) and 
(I2.3ip , the latter by making use of Table 1 in Ref. [7] , we see that demanding conser- 

^^Ag^ and Aji actually do not have to be integers, if it weren't for the sake of Eq. (|2.9p . Furthermore, 
with and A21 being fractional Eq. (|3.1[) would not hold. 

^® The parameterization of the mass ratios of the SM fermions in terms of e is based on e = 0.22, so 
that working with other values for e is strictly speaking slightly inconsistent. 
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vation is equivalent to demandinj^ 

A^, C G Z. (4.3) 

We now replace X^i and A21 in favor of A^, and 6 = 1,2 and we arrive at the 
constrained X-charges of Table O This is the equivalent of Table 2 in Ref. [7] for the 
case of -B3 instead of Mp. Note that the parameters C, and h appear in Table [2] only in 
the combination 3^ + h. 

Phenomenologically, the conservation of renders the proton stable. For the proton 
to decay we need a baryon-number violating operator. This in turn requires the parameter 
C in Eq. (12.31) to be non-zero. On the other hand, C must be an integer multiple of three in 
the case of B-^ conservation [see Eq. (lA.SP in App. |Al with = 0]. Hence, only operators 



with \C\ = 3,6,9,... are B3 conserving and baryon-number violating. Comparing with 
Eq. (12.31) we see that at least nine quark (or antiquark) superfields are needed. Such a 
superpotential term, however, is suppressed by a factor of jA— and thus negligible. 

grav 

Our baryon triality conserving model is not compatible with grand unified theories 
(GUTs). Unlike in the Mp conserving model in Ref. [7], it is impossible to choose the 
parameters x, y, z, , (, b, A^^ such that the X-charges of Table [2] are SU (5) invariant. 
This should be obvious, since after symmetry breaking the trilinear GUT superpotential 
term 5 510 produces LLE, LQD (both B^ conserving), and UDD [B^ violating). 
SU{b) invariance requires y = 1 and z = A21 = Ag^ = 0. However, the latter is not 
compatible with the second condition in Eq. (14.21) with C G Z. For a review of models 
where horizontal symmetries are combined with unification see Ref. 



5 The Neutrino Sector 
5.1 Experimental Results 

We now include the experimental constraints from the neutrino sector, in particular from 
the solar [121 |33], atmospheric [H], reactor [IS], and accelerator [IB] neutrino experi- 
ments!^ We first need to translate the data into a form, such that we can compare it to 
our FN-models. Then we can use this to further constrain the X-charges. 

The corresponding conditions for conserved Mp are 

= - - i e Z , C = ^(A^i + Afi - z) e Z. 

^°We do not include the resuh of the LSND experiment [57]. 
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X^u = (6y + x(2x + 12 + .-2A^) 

-z (4 + 3A^) - 2 (3 + 6A^ - A^-^) - | (6 + x + z)(3C + &)) 

XjjU = —Z — XfjD 

Xqi = i (lO - Xhd + a; + 22/ + z - A^ - i(3C + 6)) 
= - 1 - y 

= XjjD — Xqi + 8 + Z 

Xjp = XjjT -3 + y 

Xjj3 = XjjT -5 + y 

X-^ = -Xhd -Xqi+A + x 

X^ = X^ -l + y 

X^ = X^-l+y 

Xli = Xhd + A^ 

Xl2 = Xli - A^^ + z + {3C + b) 

Xl3 = Xli + Ag^ 

X^ = -Xhd+ A- Xli +X + z 

X^ = X^-2-2z + Afi-(3C + &) 

X^ = X^ - 4 - z - Af^ 



Table 2: The constrained X-charges with an acceptable low-energy phenomenology of quark 
and charged lepton masses and quark mixing. In addition, the GS anomaly cancellation con- 
ditions are satisfied and conservation of Bj, is imposed, x, y, z and b are integers specified in 
Eqs. ()2.31|) and (j4.ip . A-'^, Ag^, and C, are integers as well but as yet unconstrained. SU{5) 
invariance would require y = 1 and z = Agi = Agj^ = 0, but the latter is not compatible with 
the second condition in Eq. (j4.2p . 

In our i?3 conserving model, there are no right-handed neutrinos. Hence in our phe- 
nomenological analysis of the data we only consider Majorana mass terms for the left- 
handed neutrinos with a symmetric mass matrix M^'^^ in the current eigenstate basis 
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(z/e, Ufj,, Vr)- The Takagi factorization of the matrix M^^^ is given by 

-^iri = c/^"^* ■ m(") ■ L/(")^ (5.1) 

where U^'^^ is a unitary matrix and M^]^^ = diag(mi, m2, ^3). The neutrino masses 
mi, m2, ms are the singular values of M^'^^ (not the eigenvalues). They are most easily 
computed as the positive square roots of the eigenvalues of M^'^'^ M^'^\ At this stage, 
we choose not to make any statement on the relative size of the three masses. The 
corresponding singular vectors are denoted {ui, z/2, z/3). 

In order to determine the connection between the structure of the original mass matrix 
TVf^*^^ and the ordering of the masses, we will need to fix the lepton mixing matrix. 
Experimentally, we have access to the Maki-Nakagawa-Sakata (MNS) matrix [18], which 
is the product of the left-handed charged lepton mixing matrix U^^l) and U^'^^K As we 
are working in the basis with a diagonal charged lepton mass matrix, we have U^^l) = I3 
and thus 

In the standard parameterization [19], JJ^^^ is given by 

1 0\ / ci3 sise^n / C12 S12 0\ /e--i/2 0\ 
C23 S23 ■ 1 ■ -S12 C12 ■ e-'°^/2 , (5.3) 
-S23 C23/ ci3 / V 1/ V 1/ 

with Cij = cosOij and Sij = sinOij. Here i,j = 1,2,3 are generation indices and 6 and 
«!, a2 are the CP- violating Dirac and Majorana phases, respectively. A global three- 
generation neutrino oscillation fit assuming CP conservation [i.e. 6 = ai = a-2 = 0) yields 
the 3cr CL allowed ranges [SOI EI] 

Amj^ = ml -ml = 8.2^1^ x 10^^ eV^ tan^ ^12 = 0.39t[!:?} , 
|Am22| = \ml-ml\ = 2.2+^;^ x 10"^ eV^ tan^ 623 = 1.0 , 

sin^ ^13 < 0.041 . (5.4) 

The neutrino mass eigenstates are conventionally labeled such that the solar neutrino 
problem is predominantly solved by Ui ^ 1/2 oscillations and the atmospheric neutrino 
problem by 1^2 ^ oscillations. Furthermore vi is defined as the neutrino which is 
predominantly fg. In this convention the sign of Am\2 is known to be positive from 
the solar neutrino data [13], whereas the sign of Am23 is unknown. There are then two 
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possible orderings of the masses either mi < m2 < m-^ or < mi < m2. Taking 
into account the magnitudes of Am2i and Am|2 we have the following possible solutions 



mi < m2 <^ ms, 



hierarchical, 



ma -C mi < m2, 



inverted hierarchical, 



(5.5) 



m^ — nijl <C mi ^ m2 ~ ms. 



degenerate. 



where in the degenerate case i,j = 1,2,3 can take on all values and we again have the 
two possible mass orderings. We discuss these solutions and their individual implications 
in the context of our FN scenario in Sects. 15.31 and 15.41 

The mixing angles together with their uncertainties can be translated [51] into allowed 
ranges for the entries of the MNS matrix in terms of the FN-parameter e. For the mixing 
angles ^12 and 623, we assume Gaussian errors in their measured valuesl^ Furthermore, 
assuming flat distributions for the unmeasured quantities 613 G [0°, 11.7°] and the Dirac 
phase S G [0, 27r], we calculate the scatter of the absolute values of the MNS matrix 
elements. Figure [1] shows the powers in e = 0.2 of the (1, 2)-element for an ensemble 
of 3000 sets of mixing parameters obeying the upper assumed statistics. From this we 
deduce an FN e-structure (by definition the exponents must be integer) of or for the 
(l,2)-element. 

We employ a similar analysis of the other matrix elements. Due to the unknown 0{1) 
coefficients in FN models, we allow all (integer) powers in e within about ±1 of the center 
of the scattering region. We then obtain the experimentally acceptable e-structure for 
the MNS matrix 



where multiple possibilities for the exponents are separated by commas. The dots in the 
(l,3)-entry of Eq. (15.61) indicate that arbitrarily high integer exponents are experimentally 
allowed. Requiring an FN structure in the neutrino mass matrix however excludes values 
beyond 2. It should be mentioned again that this calculation is done for e = 0.2. Varying 
e within the interval [0.18,0.22] does not alter the allowed exponents in Eq. (15. 6p . 

^^Disregarding systematic effects, measured quantities follow a Gaussian distribution. Derived quan- 
tities such as the mixing angles 9ij might however show a distorted statistical spread. Taking the central 
values of tan^ 6ij plus their Scr CL limits and translating these into corresponding angles 9ij , we found 
approximately symmetrical distributions for the mixing angles. Thus we are led to our simplifying 
assumption of Gaussian errors. 



rMNS 
exp 




(5.6) 
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(1,2) -Entry in MNS Matrix 



500 1000 1500 2000 2500 3000 

trials 

Figure 1: The powers in e of the (1, 2)-element for an ensemble of 3000 sets of mixing 
parameters obeying Gaussian statistics for 9i2 and 6*23, whereas ^13 G [0°,11.7°] and 
6 G [0, 27r] are taken from an equal distribution. 

5.2 The Neutrino Mass Matrix 

In order to make use of the experimental information about the neutrino sector, we need 
to specify the origin of the neutrino masses. It has already been pointed out that B-^ 
invariance allows for lepton-number violating ])^p interactions. Due to the bilinear terms 
^iUH^ the neutrinos mix with the neutralinos, which leads to one massive neutrino at 
tree levels [53]. The inferred measured mass squared differences ^m\^ and Am|^ require 
at least two massive neutrinos. Therfore we must consider higher order contributions to 
the neutrino mass matrix. In the following, we concentrate on the effects of quark-squark 
and charged lepton-slepton loop corrections [23l [SU [55] due to the operators LQD and 
LLE, respectively. (For a thorough analysis of all one-loop contributions to the neutrino 
mass matrix in the lepton-number violating but B^, conserving MSSM see Ref. [SI].) The 
resulting effective neutrino mass matrix in the flavor basis is given by 

M^'^) = + M^r.Lp + MirLp , (s.r) 

Strictly speaking, the distinction between neutrino and neutralino mass eigenstates is no longer 
appropriate. However, due to stringent experimental constraints on the neutrino masses: fXi/Mw ^ 1 
and the mixing between neutralinos and neutrinos is small [37] . 
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Here mz is the Z-boson mass and Tn'l/'^ denote the masses of the down- type quarks/ 
charged leptons of generation /c = 1, 2, 3. Mi and M2 are the soft supersymmetry breaking 
gaugino mass parameters, which, together with the weak mixing angle 9wi define the 
photino mass parameter M;y = Mi cos^ 9]y + M2 sin^ 9w In addition, we have the down- 
type squark/ charged slepton masses m}/^ of generation n. i = 1,2 labels the two sfermion 
mass eigenstates in each generation n. The (plf''^^ are the mixing angles in the sfermion 
sector for generation n. Explicitly (no summation over repeated indices). 
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where the Ad^e are the coefficients of the soft supersymmetry breaking trilinear scalar 
interactions [A^jaj/c X'^jk L'^Q^ and X^pk L'^L^E^ . Here refers to the 

scalar component of the chiral superfield L". The [A^?]jj are the soft scalar masses 
squared, qy, Qw are the U{1)y and SU{2)w gauge couplings, respectively. 

Assuming all soft supersymmetry breaking mass parameters are 0(7713/2) > 100 GeV, 
and excluding accidental cancellations, the denominators of Eqs. (15.111) and fl5.12p are of 
order rnl^i^. For the numerators we get 2'mn^m-^i2 ■ 0{1 + etan/5). Taking into account 
the lower limit for m^i2 of about 500 GeV, which originates from the combination of the 
experimental lower bound on /iq > 100 GeV and its e-structure /io ~ "'^13/2 ■ e in our model 
(see also App. [C]), we conclude that even for large tan/5 < 50 the left-right mixing in 
(one generation of) the down squark and charged slepton sectors is small. Thus the sines 
in Eqs. (15.91) and (15.101) can be approximated by tangents. Furthermore, the logarithms 
become 0{1) coefficients if the sfermion masses are non-degenerate but not too different 
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again, i and j label the two mass eigenstates of a particular generation n.) We consider 
these assumptions natural and apply the corresponding simplifications to Eqs. ( 15.9P and 
fl5.10p . Inserting the ]\dp parameters of the last line in Tabled], using the phenomenological 
constraints of Table [2|, and keeping only leading terms, we obtain the FN structure of 
the tree and the loop contributions to the neutrino mass matrix 



_ rriz /ip cos p _ 2A«-Af,-A^, 
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Here we have replaced m| by m;, and mg by m^. The factors = /j-^ in the last term take 
care of Ajfc„'s direct dependence on the charged lepton mass matrix and its antisymmetry 
under interchange of the first two indices. Depending on i and j the tau-stau loop may 
be forbidden by symmetry and thus does not give the leading contribution. For j = 1,2 
we find fij ~ 1, whereas /23 ~ and /13 ~ /ss ~ e^. See App. [D]for details. 

Some remarks are in order at this point. Compared to the quark-squark loop, the 
charged lepton-slepton loop does not contribute significantly to the neutrino mass matrix. 
Therefore we neglect it in our following discussion. There is a further source of neutrino 
masses: The non-renormalizable but conserving superpotential term UH^ UH^ . In 
our model, this effective term is generated via the GM/KN mechanism and thus sup- 
pressed by a factor of i!!|/lg2z-2A-f^-Af'^-Aj'^^ Inserting the Higgs VEV Vu for we find 
that the resulting neutrino mass scale is negligibly small compared to the tree level con- 
tribution in Eq. (15. 8p . The ratio of the two is of the order ttt^ (1 + tan^ (3). So even for 
large tan (5 it can be safely discarded. Similarly, we find that the quark-squark loop con- 
tribution of Eq. (15.91) is significantly larger than the mass scale of the non-renormalizable 
operators UH^UH^ . 

5.3 Constraints from Neutrino Masses 

In our model, we obtain one massive neutrino at tree level. A second non-zero mass is 
supplied by the quark-squark loop. Notice that except for an overall relative factor the 
e-structure of the tree-level and one-loop matrices is exactly the same. However, they are 
not aligned in the sense that one matrix is a (real or complex) multiple of the other. The 
yUj and the A^gg have a completely different origin, i.e. the 0{1) coefficients are in general 
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different. Adding the two terms, we therefore expect not one but two non-zero masses. 
One neutrino remains massless since Mtrle ^^'^ -^A'^-ioop both rank one matrices!^ 
Hence a degenerate neutrino scenario is excluded. Notice that this remains true even if 
we include the charged lepton-slepton loop contribution: The resulting third non-zero 
mass is smaller by a factor of ~ ^ compared to the quark-squark loop mass. This is 
inconsistent with the degenerate neutrino mass solution of Eq. 15.51 

In order to see whether our model is compatible with the hierarchical or the inverse- 



hierarchical neutrino solutions of Eq. 15.51 we calculate the relative factor -^r^ between 
the overall scales of the tree and the loop mass matrix. This factor must not come out 
larger than the experimental ratio of the atmospheric and solar neutrino mass scales, 
which is approximately 5. First, we do a rough estimate for tan/5 < 2, that is x = 2,3 
(thus cos (3 > 0.5), where we assume all soft breaking parameters, even the gaugino 
masses Mi and M2, to be of the same order 0(^3/2). Neglecting the first term in the 
denominator of the tree level as well as the second term in the numerator of the loop 
level overall mass scale, we arrive at "^TJZ ~ ^ cos^/3 This is much too large 

b 

for X > 2, so we are restricted to the cases with x = 0, 1, i.e. tan/5 > 8. We can then 
approximate cos/? by cot/? ~ Neglecting again the first term in the denominator 

of the tree level overall mass scale, we get 



mi°°P 3m^ Ml M2 



(5.14) 



Note that we have replaced tan/3 in the denominator of the last factor. The second 
factor, ^ 7. Taking x = 1 requires the product of the last two factors to yield a 

tiny fraction of their natural value of about 1. Such a scenario, where there is either fine 
tuning in the scalar masses or the gaugino masses are about 1000 times larger than the 
scalar masses is very unnatural. We therefore reject this case and focus on x = 0. This 
together with z = 1 numerically determines the expansion parameter e = -Jr^ = 0.186, 

I I -i'-tgrav 

see Ref. [7]o Notice that with x = it seems reasonable to assume that the denominator 
of the last term in Eq. fl5.14p is now dominated by the second term. Taking the gaugino 
masses at a common scale M1/2, the scalar mass parameters all of 0(7713/2), we can 



For the loop contribution this statement relies on the fact that the coupling constants are 
generated via the canonicalization of the Kahler potential and thus proportional to the down-type quark 
mass matrix, cf. Eq. p.l4p . 

^*The highest exponent of this expansion parameter occurs in the up-type quark mass matrix. Since 



0.22 



J, it is unproblcmatic to work with e = 0.186. 
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simplify Eq. fl5.14l) 

^ Mm, _ _^ ^ 0{1) ^ . (5.15) 

Thus if we choose supersymmetric parameter points for which the scalar quark masses are 
bigger than the gaugino mass parameters by factors of about two to five (^3/2 ~ 5M1/2) 
\57\ EH], we can accommodate a hierarchical neutrino mass scenario. The tree level 
contribution then provides for one relatively heavy neutrino while the second neutrino 
remains light. On the other hand, an inverse hierarchy is possible just as well. Then the 
tree and the quark-squark loop mass matrices must have the same order of magnitude, 
thus generating two relatively heavy neutrinos while the third neutrino remains light. Due 
to our ignorance of the soft breaking sector and the arbitrariness of all 0{1) coefficients, 
our i?3-conserving FN models allow both, the hierarchical and the inverse-hierarchical 
neutrino scenario. 

In both cases however, the mass of the heaviest neutrino is given by the atmospheric 
neutrino mass scale y^|Ar?T|^. Thus the integer parameter can be determined. Equat- 

2 

ing the eigenvalue of the tree level neutrino mass matrix, which is proportional to 
with a/I Amigl and putting M1/2 = 0(7713/2) yields 



. u 1 'Ti? m3/2 \/ 1 Amor,! 

-2A^ ~ — ■ In * ' ^. 5.16 

me m^m^ 

Here we made use of the ordering X^a < X12 < X^i, so that ~ 1- Inserting 

e = 0.186, 77it = 175 GeV, rrib = 4.2 GeV, = 91.2 GeV, = 0.047 eV, and 

1000 GeV > m3/2 > 100 GeV we obtain 

-2A^ e [11.0, 12.3]. (5.17) 

Here the lower bound corresponds to 7713/2 = 1000 GeV and the upper one to m3/2 = 
100 GeV. Since A^ is integer, we end up with the single option 



.H 



6. (5.1^ 



At the end of App. [Cl we argue that the sequence of basis transformations in Sect. [3] 
generates ])^p coupling constants which are to some extent larger than expected. Taking 
this feature into account, the interval in Eq. (15.171) is shifted slightly to higher values. 
For fii ~ e~0-5 ■ m3/2 e""^^'""^^'^, where the first factor quantifies such a systematic effect, 
this shift is about one unit. So the solution given in Eq. (15.181) remains stable. 
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5.4 Constraints from Neutrino Mixing 

We now turn to the conditions on the X-charges imposed by the MNS matrix. The 
effective neutrino mass matrix of Eq. (15.70 is diagonahzed by the unitary transformation 
U^'^'\j ~ e^^Li~^L3\, This transforms the current eigenstate basis into the mass eigenstate 
basis {i^i, 1^2^ 1^3) of M^'^^'^ M^'^\ In the latter basis we denote the diagonal entries of 
the mass matrix as {m[,m'2,m'^), with relative values m'^ -C m'2 < m[ (for details see 
App. [E]). It is important to note that U^^'^ is different from U^^'' defined in Eq. (15. ip . 
In order to compare with the possible solutions in Eq. (15. 5p and the data of Eq. (15.40 it 
is more convenient to reorder the basis (z//, z/2, v^) into a new basis (i^i, z/2, z/3), with the 
corresponding masses (mi, m2, m^) in the order of the hierarchical or inverted hierarchical 
solution. We can then fix the mixing angles so that (z/i,z/2) solve the solar neutrino 
problem. We summarize the bases choices in the following table 



Mass Ordering 


Hierarchy 


Inverse Hierarchy 


Heaviest 






z/2, m2 


Medium 


1^2', m'2 


1^2, m2 


z/i, mi 


Lightest 


1/3', m'3 


ui, mi 


1^3, rn-i 



Table 3: Options for the mass ordering of the neutrinos. 



For the hierarchical scenario, mi must be the lightest and ms the heaviest neutrino 
mass. We must therefore exchange the first and third states in the primed basis to obtain 
the relevant unprimed basis. The new diagonalization matrix is then given by 



(5.19) 



where 



X(h.) 




(5.20) 



Here the superscript h. refers to the hierarchical solution. Combining Eqs. (15.21) . (15. 6p . 
f l5J9ll . and ^M) we get 



_ I'jiCh.) _ ^MNStj 



(5.21) 



^0,1,2,. 
^0,1 
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^31 


A^ 

^21 


Hierarchy 


Inverse Hierarchy 


Conservation of B^, 


-1 


-1 


yes 


no 


no 


-1 





yes 


yes 


yes 








yes 


yes 


yes 



Table 4: All combinations of which are compatible with the experimental MNS matrix for 
the hierarchical and the inverse-hierarchical neutrino scenario. In addition, the condition of 
conservation on the X-charges as stated in Eq. (|4.2p is checked. 



which restricts Af^ = X^i — X^i, for i = 2,3. All acceptable combinations which also 
comply with the ordering A^-^ < A21 < are listed in Table |H As we impose conservation 
of i?3, the second condition in Eq. (14. 2 p has to be satisfied, i.e. Ag^ + — z ^ 0mod3. 
The last column of Table H] shows which cases are compatible with i?3 conservation for 
z = \. 

In the case of an inverse hierarchy, 7713 -C mi < 777,2, we need to interchange the first 
two states of the primed basis to obtain the relevant unprimed basis. We have 



j.(i.h.) ^ 1 0. (5.22) 




With this we find 



= [t('-^-) . [/("''•^•)] .. (5.23) 

/ gO,l gO,l gO,l N 
: ^7^(i.h.) . fjMNStj _ j ^0,1 g0,l,2 ^0,1,2 



0,1,2,... gO,l gO,l 



for the inverse-hierarchical neutrino scenario. Again, the allowed A^ are given in Table |H 
In addition to the constraints arising from the experimental MNS matrix, we now have 
to ensure that the ratio ^ of the two heavy masses is of order one. As shown in App. [0 
7772 is not only determined by the scale of the second largest contribution to the neutrino 
mass matrix, but it is additionally suppressed by a factor of e~^^2i, c/. Eq. flE.14p . For 
this reason A21 = — 1 is forbidden in the case of an inverse hierarchy. 



6 Viable X-Charge Assignments 

In summary, we have fixed almost all parameters determining the FN charges by imposing 
conservation of i?3, requiring GS anomaly cancellation and finally taking into account 
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the phenomenological constraints of the low-energy fermionic mass spectrum, including 
the neutrinos. Starting with Table [2], we need 2; = 1 if the bilinear superpotential terms 
are to be generated via the Giudice-Masiero/Kim-Nilles mechanism. Then we have x = 
due to the upper limit on which is given by the ratio of the atmospheric and the 

solar neutrino mass scales. is fixed through the absolute neutrino mass scale. As 
degenerate neutrinos are excluded, this corresponds to the atmospheric mass scale. Hence 
we find = —6. Finally, the constraints coming from the MNS mixing matrix together 
with the requirement of B3 conservation yield A21 = and Ag^ = — 1,0 (see Table H]). 
So, in the end we are left with only the choice of 

7/ = -l,0,l, and 3C + 6 = A^i + A^i-^ = Afi-l = -2,-l. (6.1) 

This leads to six sets of viable X-charge assignments displayed in Table [51 All sets 
are compatible with either a hierarchical or an inverse-hierarchical neutrino scenario, 
depending on the ratio ™itop [cf. Eq. fl5.15p ] and unknown 0{1) coefficients in M^'^\ 
Taking the smallness of the (1, 3)-element of the MNS matrix in Eq. (15.61) [corresponding 
to the (1, l)-entry of Eq. (I5.2ip in the hierarchical, and the (3, l)-entry of Eq. (I5.23P in 
the inverse-hierarchical case] as a crucial criterion, we prefer the inverse-hierarchical cases 
with Ag]^ = —1. It is only there, that the FN prediction for this entry is of 0{e). In all 
other cases we have to assume an unattractively small "(9(1) coefficient". Remarkably, 
there exists one set where all FN charges are multiples of one third. This salient charge 
assignment is obtained for 3( + b = —2 (or equivalently Ag^^ = —1) and y = 1. However, 
as y the CKM matrix is not optimal {cf. App. [F]), but nonetheless acceptable due 
to the possibility of mildly adjusting the unknown C(l) coefficients. 

All other sets contain highly fractional X-charges (just like the sets in Ref. [7j) and are 
thus "esthetically disfavored" . However, requiring that the FN scenario is in agreement 
with the very tight experimental bounds on exotic processes usually leads to highly 
fractional X-charge assignments [3 [8]. Thus the six models presented in this section are 
so-to-speak in good company; our ignorance of the origin of the U{l)x gauge symmetry 
does not allow us to exclude models just because of unpleasant X-charges. Due to our 
experience with hypercharge, it is natural to hope for "nice", i.e. not too fractional, 
X-charges. But actually, in string models {e.g. [SH]) the anomalous [/(l)-charges can 
very well be highly fractional pU]. It is therefore not clear at all whether one should 
expect "nice" charges or not. 

In the manner of Ref. [8] , we checked that the ])^p coupling constants which are pro- 
duced by the six sets of X-charges are all in agreement with the very tight experimental 
bounds [38], unless there is an unnatural adding-up among the 0{1) coefficients. In 
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211 
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Table 5: All six sets of viable X-charge assignments, where z = 1, x = {i.e. large tan/3), and 
= —6. The other input parameters of Table [21 namely Ag^^, 3C + 6, and y, differentiate 
between the various possible scenarios. All of them are compatible with hierarchical and inverse- 
hierarchical neutrino masses, depending on the ratio ^^fe^ and unknown 0(1) coefficients in 
M^'^\ The former depends on the parameters of supersymmetry breaking. Here we assume 
gravity mediation so that all soft breaking mass parameters are of 0(7713/2), with 7773/2 S 
[100 GeV, 1000 GeV]. In order to determine the structure of the sneutrino VEVs, we have 
assumed an FN structure for ba and [M-jap, see App. ICl 
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App. El we give an explicit example of how the physics at the high energy scale, con- 
strained by the third X-charge assignment in Table [5], boils down to a viable low-energy 
phenomenology. 

Finally, one could raise the question: Is it possible to construct a scenario where no 
hidden sector fields are needed to cancel the Accx and Aggx anomalies? Explicitly [7] 

Aggx = 2Xhu +2XHn + J2{Q^Q^+^XjjT+3X^+2XL^+X^^ 

i 

I s/- I /I hidden sector /a 0^ 

Aggx = ^ [j^ (2 Xq, + + X^)] . (6.3) 

i 

Inserting the relations of Table [2] with z = 1 and a; = yields 

21 

^GGX = (3C + &)+3A^ + 68 + and Aggx = -■ (6.4) 

Anomaly cancellation a la Green-Schwarz requires [7] "^^^^ = "^^^^ , where /cc* is the 
positive integer Kac- Moody level of SU{3)g- Assuming that the hidden sector fields are 
uncharged under U{l)x, i-e. Aq^x^ sector _ arrive at the condition 

^ " ^ " ^ " ^ = (3C + fc) +3A^ + 68. (6.5) 
Kg 

As both sides of this equation have to be integer, kG is restricted to a product of a subset 
of the primes in the numerator on the left. With 3( + b = —2, —1 and = —6 the 
right-hand side of Eq. (16. 5p is either 48 or 49. This is not attainable with the left-hand 
side, even if we allow a variation of ±1 in A^. This shows that f/(l)x-charged hidden 
sector fields are necessary to cancel the gravity-gravity-t/(l)x anomaly. 



7 Summary, Conclusion and Outlook 

We have constructed a minimalist and compact U{l)x Froggatt-Nielsen scenario with 
the MSSM particle content plus one additional fiavon field A. Furthermore, our model 
exhibits only two mass scales, Mgrav and 7723/2. A discrete symmetry is needed to ensure 
a long-lived proton. Without enlarging the (low-energy) fermionic particle content of 
the MSSM and excluding a GS mechanism, there are only three discrete symmetries 
[5|, [6|, [2] which, besides allowing for neutrino masses, can originate from an anomaly-free 
gauge symmetry and thus do not experience violation by quantum gravity effects. These 
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salient discrete symmetries are Mp, B^, and Pq. Following the philosophy of [3, where 
Mp is a remnant of the continuous U{l)x symmetry, we have examined the case with 
S3 being generated by virtue of the X-charge assignment. This Zs-symmetry has some 
attractive features: First, it phenomenologically stabilizes the proton. Second, it allows 
bilinear and trilinear ])^p coupling constants, so that neutrino masses are possible at the 
renormalizable level without the need to introduce right-handed neutrinos. Imposing the 
restrictions of the measured fermionic mass spectrum and the GS anomaly cancellation 
conditions we arrive at six phenomenologically viable sets of X-charges presented in 
Table O All of them feature large tan/3 (> 40). Our ignorance about the details of the 
soft supersymmetry breaking parameters does not allow us to distinguish between models 
of normal and inverse neutrino mass hierarchy. However, taking the smallness of f/^'^^'^ia 
as a crucial criterion, we should prefer the first three cases {i.e. those with A^-^^ = —1) 
of Table [5] and an inverse hierarchy. Doing so, our model predicts inverse-hierarchical 
neutrino masses. Of all six possibilities, we find the third X-charge assignment of Table O 
the most pleasing: All X-charges are integer multiples of one third in this case. However, 
the other five models (with more fractional X-charges) are phenomenologically possible 
just as well. 

In constructing viable models of the fermionic mass spectrum we have been guided 
by the principle of minimality and compactness. With only the U{l)x symmetry and 
two mass scales at hand, we had to exclude the choice z = right from the beginning 
as it does not satisfactorily explain the origin of the /x-parameter. However, the quest 
for a dark matter candidate requires us to introduce at least one additional particle like 
e.g. the axion, which in turn would suggest the existence of a new global U{1) symmetry 
[HI]. Also superstring models often predict more than just one U{1). So it is tempting 
to assume that the //-term is originally forbidden by such a symmetry. Effectively it 
may then be generated via some mechanism (other than GM) at the phenomenologically 
needed mass scale [62|, [631 [SH [651 [M]- In that case, the possibility of 2; = should be 
considered and investigated seriously. 

Allowing for supersymmetric zeros in the leptonic mass matrices could be another di- 
rection of further study. In this paper, we have excluded the existence of supersymmetric 
zeros in all Yukawa mass matrices as we wanted to evade difficulties like those encoun- 
tered with the CKM matrix. However, maybe they are a blessing for the MNS matrix. 
It would be interesting to examine if a small ^13 can naturally arise from supersymmetric 
zeros appearing in the charged lepton and/or neutrino mass matrix, see e.g. [67] . 
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Appendix 

A Baryon Parity vs. Baryon Triality 

In this appendix we would like to emphasize the differences between baryon parity and 
baryon triality. Baryon parity. Bp, is defined on the MSSM chiral superfields by 

{H^,H^,L\&} — ^ {H^,H^,L\E^} , 

{Q^lT^ly} — > e^^'/^ {Q\U'\1>} . (A.l) 

The total i?p-charge of an operator R [cf. Eq. (12.11) ] can then be written as 

Y^uq. + 5^n^ + = 2 1'^+ l'b. (A.2) 

i i i 

Here is an integer, which can differ for each operator, l'^ is fixed for all operators and 
is or 1 if Bp is conserved or broken, respectively. In order to achieve Bp by virtue of 
the X-charges, we need Eq. (12.91) as well as 

h' 

XijD — X^i = integer, and 3Xqi + X^i = integer — — , (A. 3) 

with b' = 1. Plugging this into Eq. (12.101) . we get 

b' 

Xtotai = integer - C ■ - • (A.4) 
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In analogy to Eq. fl2.18p we have l'^ + C = 2 nqi — C — I^) [which is obtained by 
adding Eqs. (Ej]) and ([Qjl ]. leading to C = 2 ■ inte ger — l'^, and thus the final condition 



b' ■ l' 

Xtotai = integer + . (A.5) 

The first main difference between Bp and is that the former is an anomalous 
discrete gauge symmetry whereas the latter is anomaly free [5], El [2] . The next question 
we would like to address is what is the lowest dimensional operator of MSSM chiral 
superfields which is allowed by Bp but forbidden by B^. It is easy to see that for the 
renormalizable interactions the two symmetries act identically. This equality persists for 
operators which are the product of four superfields. For a more systematic approach 
consider that, since Bp is a Z2-symmetry, Eq. (]A.2p can be recast as 

i i i 

This is to be compared with Eq. fl2.3p . which leads to 

3C = 2J^+ i^. (A.7) 

Solving Eqs. fl2.3p - fl2.5l) for ng* , ^ ■ n-^ , and njji and plugging the result into the 
second line of Eq. fl2.17p we get 

3W + - 4C = 3Ib + Lb- (A.8) 

i 

Eqs. (]A.7p and (lA.SP imply that Bp is conserved if C is an integer multiple of two, whereas 
i?3 is conserved if 4C is an integer multiple of three. Thus the smallest value for which 
baryon parity is conserved and baryon triality is violated is \C\ = 2. This in turn implies 
that the relevant operator contains at least six quark superfields [see Eq. f l2.3p ]. An 
example is 

^abc^def U\DhD^JJ^dD''^,D''f , (A.9) 

where a, . . . , f are SU{3)c indices and i,...,n are generation indices. Such a non- 
renormalizable operator is highly suppressed so that the effective low-energy phenomenol- 
ogy is identical for Bp and -B3. 



B Supersymmetric Zeros in Mass Matrices 

The structure of the CKM matrix depends on the overall X-charges of the operators in 
the quark mass matrices. Due to holomorphy of the superpotential, terms with negative 
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X-charge are forbidden. These supersymmetric zeros are filled in by the canonicalization 
of the Kahler potential [17]. Naively, the resulting mass matrices might suggest a CKM 
matrix consistent with the experimentally measured quark mixing. However, if one allows 
for supersymmetric zeros then things are more involved since the matrix canonicalizing 
the kinetic terms of the quark doublet Q affects both, the up- and the down-type quark 
mass matrices. Diagonalizing these, we therefore encounter cancellations in the CKM 
matrix (which is a product of the two left-handed diagonalization matrices). These 
cancellations spoil the naively expected nice results. Espinosa and Ibarra [HHl ESj have 
investigated the influence of supersymmetric zeros on the CKM matrix. In the following 
we illustrate such a situation explicitly for two generations of quarks and the trilinear 
superpotential terms 

= {Gi'S)^H''Q'D^+ {GfX)^H''Q'TP . (B.l) 

Here the subscript "FN" refers to the fact that the Kahler potential is not canonicalized 
yet at this point. Now consider an X-charge assignment with 

Xq2 = Xqi + 1, Xjj2 = XjjT — 5, X^ = X^ — 3, 

X^U = A — Xqi — X-jjT, XffD = 2 — Xqi—Xj^. (B.2) 

Then in the Froggatt-Nielsen scenario the Yukawa couplings come out to be 

~ . ~ i) . (B.3) 

where the (1, 2) -elements are supersymmetric zeros. The Kahler potential has to be 
canonicalized by matrices of the form 

CW>-' ~{l j) . cm-' ~ (^^ f ) . C<^)- ~ f ) . (B.4) 

These transformations change the Yukawa matrices to 




(B.5) 
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These are diagonalized by unitary matrices with the textureo 

L/(-^) ~ (I , t/(-) ~ (^^ f ) . (B.6) 
If we naively neglect possible cancellations between U^^^"^ and U^^^^ we get 

which agrees well with the data. However, in order to show that this line of reason- 
ing is too simple, we numerically calculated the CKM matrix for an ensemble of 3000 
Mai/iematzca ® -randomly generated sets of complex 0{1) coefficients which remain un- 
determined by any FN model and appear in both, the FN-generated Yukawa matrices 
and the kinetic (Hermitian) Kahler potential terms. Figure H] shows the powers in e = 0.2 
of the off-diagonal element in the CKM matrix. The corresponding quark mass ratios ^ 
and ^ are depicted in Figure [31 

Obviously, with supersymmetric zeros the naive result of Eq. flB.7p is in gross dis- 
agreement with the numerically calculated CKM matrix, where instead of e we have 
g4,5,or6_ Cancellations between U^^^^ and U^^^^ render the off-diagonal entries from 
(9(e) to 0{e^). However, the quark mass ratios come out correct in the naive calculation, 
z.e. 2^ ~ and ^ ~ e^. 
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C The Structure of the Sneutrino VEVs 

Ini^p theories, the five neutral scalars Ua, mix and we have the following minimization 
conditions for the scalar potential 



2 2 

[m'hU +filfia + ^^^^±^ _ j _ b^v: = , (C.l) 

2 2 

{MU + + ^^^^ i\v^\' - K\') S^,) vp - 6>: = , (C.2) 



1 t 

^^Note that most general unitary matrix with texture \ 2. ) 



u=[l AMa v h With iei-^ = ier' = v/T+w^, 



and a g N. Applying this form to calculate the off-diagonal elements of U^^^"* ■G^^'> -U^^^ we readily 
find that G'^^^ is diagonalized if x is of C(l). The same holds for G(^>. With our choice of X-charges 
the ratios of the quark masses are — ~ and — ^ e^, respectively. 
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Off-Diagonal Entry in CKM Matrix 




500 1000 1500 2000 2500 3000 

trials 

Figure 2: The powers in e of the off-diagonal entry in the two generation CKM matrix for 
3000 sets of randomly generated complex 0{1) coefficients in the FN-generated Yukawa 
matrices and the kinetic Kahler potential terms. 

Up Quark Mass Ratio Down Quark Mass Ratio 




trials trials 



Figure 3: The powers in e of the ratios — and — . 

with I'UdI = V'^a "^a- is the soft supersymmetry breaking mass for the Higgs scalar 

and is the soft supersymmetry breaking bilinear mass parameter of the term 
haL'^H^ ■ In an explicit ])tp mSUGRA model, the complete scalar potential was numer- 
ically minimized in Ref. [37]. However within the context of our FN models, we have 
no prediction for the soft supersymmetry breaking parameters. We shall thus make the 
assumption that the hidden and observable sector superpotentials separate and we get 
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the alignment of the soft supersymmetry breaking bihnear operator [37| 



ba oc Ha, (C.3) 
at the unification scale. In the context of our FN model, this implies 

ba ~ B m3/2 e~^^^~^HU _ (C.4) 

i? is a soft supersymmetry breaking mass parameter of O [7713/2)- The other crucial 
ingredient is the structure of the soft supersymmetry breaking slepton mass squared 
[A^f-jo,^ . For simplicity we take 

[MlU - m^/^el^--^.^!. (C.5) 

This might originate either directly from an FN structure of the corresponding parent 
terms or via the CK transformation of a diagonal [M~jai3 whose eigenvalues are all of the 
same order but not equal. Soft supersymmetry breaking parameters with the structure 
of Eqs. flC.4p and flC.51) have also been considered in Ref. [M] . 

Given Eqs. f lC.4p and fIC.Sp . we can now solve the minimization conditions Eqs. fIC.ip 
and (lC.2p and obtain an FN structure for the VEVs. To see this, we first simplify 
Eq. dQ) by the observation that ^^^d^ap-lt^dH < ^ (246GeV)2. On the other hand, 
the lower bound on the chargino production cross section from LEP implies /iq > 100 GeV 
[70] . In our case this translates into a lower bound on 771^/2 ■ As we assume a GM/KN- 
generated Hq ~ 7713/2 e~^LO-^HU 7723/2 e, the lowest allowed value for 771^/2 is about 
500 GeV. Putting this together we have 

2 2 

^-^^^^ {\vu\' - \v,\') « (246GeVf < 771I/, ~ [M^U , (C.6) 



so that the cubic term of Eq. flC.2p is negligible. Applying this approximation, we are 



left with a set of linear equations in the VEVs, which is solved with the ansatz 

(C.7) 




if the coefficients Nu and are of the same order. This qualitative statement relies on the 
assumption commonly made in FN models that the sum of several complex numbers with 
absolute value of 0{1) is again of 0{1). The overall scale of the VEVs is determined by 



the normalization requirement ^/l^uP + I'^dP = 246 GeV. Eq. (]C.1|) does not constrain 
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the sneutrino VEVs as the relevant terms are neghgibly small, i.e. ~ ^^(x^o 

Hence, we finally end up with 

Va, oc e"^^". (C.8) 

The apparent alignment of Va and is with respect to the power of e and not exact. 
Both sets of 0{1) coefficients differ from each other due to the VEVs' dependence on 
[A4"~]q/3. Therefore, excluding artificial exact alignment, the Vi and /ij (z = 1, 2, 3) cannot 
be rotated away simultaneously. This is important in order to obtain a massive neutrino 
through mixing with the neutralinos. 

Again, we have checked these results numerically. Except for a slight tendency to 
have less e-suppression in the Vi {i = 1,2,3) we found agreement with Eq. (IC.Sp . The 
systematic effect of bigger Vi is caused by the two-dimensional random walk. Changing 
to a basis without sneutrino VEVs, this feature passes on to other coupling constants 
with the generation structure e~"^^°. We take account of this by preferring higher 0{1) 
coefficients for those coupling constants which are proportional to e~^L\ namely fii, A^^-^, 
and Xijk ■ Coupling constants which - after the canonicalization of the Kahler potential 
- have the structure e^"^-^" are affected differently by the [/"^^Vs transformation. Their 
a = component gets somewhat enlarged. Thus the Aojfe remain unchanged. 

D Symmetries in the A-Loop Contribution to the 
Neutrino Mass Matrix 

The contribution of the charged lepton-slepton loop to the neutrino mass matrix is given 
in Eq. flS.lOp . In our model, the JKdp parameters Xikn are generated out of the charged 
lepton mass matrix via the canonicalization of the Kahler potential. This mechanism 
leads to Eq. (13.151) . which can be written as 

Ajfcn = Ci Xokn - {i ^ k) , (D.l) 

with Ci being some coefficient. Remember that we are working in the charged lepton 
mass eigenstate basis, i.e. Aofcn = <^fcn Aofcn- Using this structure of Xikn we can calculate 
the first term of the mass matrix M^^\^^^ in Eq. flS.lOp symbolically 

^ikn^jnk-Tk ~ ^i Cj [Aqu r ^ r "T ^022 -'^2 ^2 



k.n 



+ ^^033 -^3 -^3 +Mii-^Ojj^j i'i 



>^uF^FP->:i^^F^Ff). (D.2) 
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(1 2) 

Here Fj: ' are functions of the charged lepton masses as well as the charged slepton 
masses and mixing angles. For the purposes of this appendix it suffices to know the 
ratios Pj:^^ /F^^^ and F^"^ / Eq. flS.lOp together with the simplifications made below 
yields 

fP mf) ^ Ff ^ ' 

Depending on i and j , we can encounter exact cancellations of seemingly dominating 



terms in Eq. flD.2p . Applying the FN structure of the charged lepton masses, 



rrip : m 



rrir ~ e^^^ : : 1, and keeping only the leading (non-zero) terms, we obtain 

2_^^ikn'^jnkJ^ k ~ '^02,?, ^ Z J ' \^-^) 



kn 



with fij ~ 1 for 2, j = 1,2, ~ /32 ~ and /13 ~ /31 ~ /33 ~ e^. Adding the second 
term of Eq. flS.lOp symmetrizes the mass matrix Af^-ioop- our result in Eq. flD.4p is 



already symmetric in i and j concerning the magnitudes, we simply get a factor of two. 

This shows that due to the \iknS direct dependence on the charged lepton mass 
matrix and its antisymmetry under interchange of the first two indices, the {i, 3)- and 
the (3, i) -elements {i = 1,2,3) of M^^^^^ are highly suppressed. 

E Diagonalization of the Neutrino Mass Matrix 

The effective neutrino mass matrix M^'^^ is diagonalized by the unitary matrix U^'^^ 
defined in Eq. (15.11) . In Sect. 15. 2^ we have seen that the mass matrix has an e-structure 

M^''\j oc e"^^'"^^^ . (E.l) 

Since Xl-^ > Xl^ > Xl^, we wish to find the unitary matrix U^'^'^ such that M^^^ = 
diag(m']^, m'^) with the mass ordering m[ > m2 > m'^ . It is given as [35] 

U^'''\^ ~ (E.2) 

as in the case of the down-type fermions, see Eq. (13.131) . Unfortunately the two main 
contributions to the neutrino mass matrix, Eqs. (15. 8p and (15. 9p . are both matrices of rank 
one. They thus show an additional symmetry, which obscures the validity of Eq. flE.2p in 
the model we consider. We wish to examine this problem in more detail in this appendix. 
We focus on the case with only the tree level and the quark-squark loop contributing to 
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the neutrino mass matrix, i.e. with two independent contributions leading to two massive 
neutrinos. The mass matrix can then be written in the form 



M^^^j = Aaittj + B hi bj, (E.3) 

where the upper case letters define the overall mass scale of each term and the lower 
case letters give the generation structure Oj ~ 6j ~ e^Li-^L\ ai, hi include in general 
different factors of order 1. Since X^i > Xt2 > X^a, we have |ai| > \a2\ > {a^l and 
l^il ^ Ihl > M. In addition we take A > bS 

I J- I rsj I ^ I r\j I o I • • 

Notice that there are six degrees of freedom in Eq. (lE.Sp . So at first glance Eq. (IE. 21) 
seems applicable. However, the mass matrix M^'^^ in Eq. flE.3l) exhibits an additional 
symmetry. It is of rank two, thus leaving one neutrino massless. Therefore it is not 
obvious at all that Eq. (lE.2p correctly describes the structure of the diagonalization 
matrix. We need to have a closer look at Eq. flE.Sp . In analogy to Eq. fl3.12p . we perform 
a unitary transformation which rotates away 02 and a^. Thus with 

^X^l-X^3 ^2X^i~X^2~Xj^3 J 

and V*i ttj = a'i = du a'i and Vi* hj = 6/ ~ e^L^'^L' we have 

fia[^ + h[^ h[h^ 6{6A 
= V* ■ M(") = B I h^h[ h^h^ h^h^ . (E.5) 

V h!,hi h'^h'^ hf^hj 

In the next step, we want to find the unitary matrix W which finally diagonalizes TVf^'^^', 
with the ordered mass singular values. For this we consider 

M^'^^'^jWl = Wlml, (E.6) 
where m[ > and = 0. For A; = 3 we find that 

W/s - ^f-°3 I - [e^.^-^.^] (E.7) 





( 




( \ 




-H 


hi 


^X^2-Xj^3 









^^We do not specify which term is tree and which is loop level in order to stay general as long as 
possible. So the treatment in this appendix is valid also for "'i„„p < 1. 
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satisfies Eq. (IE. 60 . Now consider k = 1. For i = 1,2,3 we get the following order of 
magnitude relations 



A 
B 



m 



B 



m 



1 TJ/T 



2Xj 1 ~Xr2—^ 



B 
m' 



21 ! 



(E.8) 
(E.9) 



)iy,\ + 0(e2(^^-^^^))iy3\ = 'fwl,. (E.IO) 



Assuming no accidental cancellations among 0{1) coefficients and keeping only leading 
termai^, we can determine the mag nitude of W^^ and W^^ from Eqs. dES]), (IKTOD : 



21 



B 



11 ) 



and 



31 



777.1 



(E.ll) 



Eq. (lE.SP does not contain any information on the e-structure of Wj^. It simply states 
that m[ is of the scale of the leading contribution to the neutrino mass matrix. 

By means of normalization arguments we conclude that 



\ 



B_ ^Xj 1 ~Xj2 
A ^ 

B Xj^i-Xj^3 
> A 



(E.12) 



The remaining (second) column of the unitary matrix W'^ is obtained by finding the 
normalized vector which is orthogonal to Wj^ and Wj^. We get 



1 



v 



(E.13) 



Inserting this into Eq. (lE.6p . we find the magnitude of the second neutrino mass 



7772 ~ 



(E.14) 



Notice that 7/73 is not simply given by the scale B of the second largest contribution to 
the neutrino mass matrix but it is additionally suppressed by a factor of 6^^^^^""^^^-*. 
This is of course only relevant if Xx,i > X12 . 



27^ 



'Notice that -g'^ > 1. Hence, considering for example the last equation, we can neglect the third term 
of the LHS compared to the RHS. 
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We finally arrive at the diagonalization matrix U^^"^ with the eigenvalues in the order 
m[>m^>m!^ = 0: 

U^'^'K, = W^kVkj ^ e^'^L^-'^L^l . (E.15) 
The dependence on the factor ^ which appears in W drops out in leading order. 

F A Top-down Example 

Here we consider the X-charge assignment of Table [5] with Ag^ = —1, 3( + b = —2, and 
y = 1. This is our preferred scenario since the resulting X-charges are all multiples of 
one third, i.e. they are not highly fractional. With this choice we obtain the following 
Yukawa matrices for the superpotential terms H^Q^D^ , H^UE^ , and H^Q^U^ without 
supersymmetric zeros: 





The trilinear terms UQ^D^ and UU are disallowed due to negative integer overall 
X-charges: X^i + Xqi + Xjyi; = —2 and X^i + Xl2 + X^ = —1, respectively. For higher 
generational indices we obtain even smaller total X-charges. Analogously, we have for 
the bilinear terms L°'H^: X^o + X^u = —1 (corresponding to the statement 2 = 1) and 
even smaller for the three lepton doublets U due to X^i < X^o . The violating terms 
U'^D^D^ are forbidden by non-integer overall X-charge, Xjp; + X-^ + X-^ = 

The GM/KN mechanism, however, reintroduces the terms disallowed by negative 
integer overall X-charge in the effective superpotential. Thus we get 

and 



/iFN„^"i^'', with /iFN„~ ^3/2 e-^''^-^^^^^ (F.3) 

Since = 0{j^^^) = O{10-^^) the GM/KN-generated trilinear terms are negligi- 
bly small. In contrast, the bilinear terms including the MSSM //-term are phenomeno- 
logically the correct order of magnitude. Of course, care has to be taken for sufficient 
e-suppression of the ])^p bilinears. In the scenario considered here, we have 

V7. 
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Next, we canonicalize the Kahler potential. The only CK transformation that changes 
the e-structure of the above coupling constants is the one connected to the superfields 
[thus e.g G(^'^) ~ gJ^^^ concerning the CK transformations of Q\W,D'\H^,H^]. 
The corresponding transformation matrix takes the form [see Eq. fl3.ip ] 



/I 



e 
e 



(F.5) 



The ])ilp coupling constants A-^^ of the trilinear terms UQ^ are now generated from 
-^FNoj-fc = '^fn'' jfc as shown in Eq. i^Mj- 



(D) 
FN jk 



/1\ 



'-^FN jk 



(F.6) 



Likewise, the coupling constants Xijk of the trihnear terms UU are generated from 
Gpj^ . An additional antisymmetrizing term accounts for the antisymmetry of Xijk in the 
first two indices, see Eq. f l3.10p . The e-structure of the bilinear coupling constants /ia is 
not affected by the CK-transformation: 



/I 



c6 ^6 



13a f^FN /3 



"^3/2 



V 



m3/2 



.7 



(F.7) 



Neglecting renormalization flow effects, we now rotate away the sneutrino VEVs 
To leading order in e the necessary unitary transformation is given in Eq. fl3.12p . For our 
X-charge assignment it reads 



U 



VEVs 



/I 



V 



7 



1 

^13 



jl2 
1 

^13 



^13 
^13 

1/ 



(F.8) 



It is easy to see that this transformation does not change the coupling constants X'^jk^ 
Xai3k, and fia in their flavor structure. 

Having generated the above pip couplings via the GM/KN mechanism and the sub- 
sequent CK transformation, it is possible to have neutrino masses without introducing 
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right-handed neutrinos. Assuming^ mioll ^ 1) "we obtain an effective Majorana neutrino 
mass matrix of the structure [cf. Eq. ( 15. Sp for x = which corresponds to tan (3 > 40, 

2 

thus cos^/3 ^ ~ ^ and sin 2/3 = 2 sin (3 cos (3 ^ r^^^ ^ 1] 



mi 



^(i^) . . ""Z ""b ^"7 ^12 




mi Ml M2 

Differentiating between hierarchical and inverse-hierarchical neutrino scenarios (cf. Sect J5^ 
we arrive at an MNS mixing matrix with either 






f/.^^s ^ jji.r . TO-h-) ^1 1 e\- T^'-*^-) ~ 1 1 e . (F.IO) 




or 



'(i.h.) 

Both scenarios are compatible with Eq. (15. 6p . However, due to the smallness of the (1, 3)- 
element in the experimentally measured MNS matrix, leptonic mixing would suggest an 
inverse hierarchy. Then, consistency with the neutrino mass single values (see Sect. 15.31) 
would require two masses of similar magnitude, thus ~ C'(l). 

As for the CKM matrix we refer to Ref. [7] and state the result for the sake of 
completeness: 




fjCKM _ ^2 1 ^2 1 (p 



The price we have to pay for nice, i.e. not too fractional, X-charges is a not-so-nice CKM 
matrix [e.g. the (l,2)-element is O(e^) and not 0{e)]. 
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